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In this paper we report a corr?+ter simulation study of the effect of diffusion on the size distribution obtained by 
combining light scattering with isokinetic band sedimentation or electrophoresis. We find that, under typical experimental 
conditions, the method yields reasonably accurate sire distributions for samples of particlesgreater than 10 nm radius. How- 
ever, caution should be exercised in interpreting the results for smaller particles, for which the distortion due to diffusion 
can be considerable. 

1. Introduction 

Polydispersity often complicates interpretation of 
physical measurements on polymer solutions. While 
it is possible to gain valuable information from various 
average properties (number average, weight average, 
Z-average, etc.) more detailed characterization of sample 
heterogeneity is generally desirable. If a few moments 
of a molecular weight or size distribution are mea- 
sured, the parameters of an assumed functional form 
of the distribution may be determined. Such a proce- 
dure is rarely justified, however, unless supplementary 
information validating the assumed form of the distri- 
bution is available, or unless a large number of 
moments (more than the two or three usually rnea- 
sured) can be determined and shown to be mutually 
consistent. 

Therefore, physical separation, for example, by 
gel f&ration or differential centrifugation, or other 
approaches, such as electron microscopy or Coulter 
counting, for quantitating and characterizing indivi- 
dual species in a polydisperse solution are often 
desirable. A recently developed approach that shows 
considerable promise is to spread an initially thin 
band of sample by applying an electrophoretic [l] 
or centrifugal [2] field. After sufficient translational 
dispersion of the various components of the band has 
occurred, a laser beam is scanned along the transport 

cell. The macromolecular concentration in each solu- 
tion segment is determined from the total intensity 
of scattered light, and the average hydrodynamic 
radius by quasielastic light scattering (QLS). A plot 
of size versus concentration then gives the desired size 
distribution curve which is readily converted to a 
molecular weight distribution. This method is relative- 
ly convenient, and is accurate and capable of high 
resolution when diffusional spreading can be neglected 
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It is easy to see, holvever, that if the rate of 

diffusional spreading is comparable to the transport 
rate, the distribution may be distorted from its true 
shape. At any given point, the molecules found will 
be not only those predicted to have reached that 
point on the basis of their sedimentation coefficients 
or electrophoretic mobilities, but also those that have 
diffused to that point from neighboring predicted 
positions. 

In this paper we report a computer simulation study 
of the effect of diffusion on the size distribution ob- 
tained by combining light scattering and QLS with 
isokinetic band sedimentation or electrophoresis. We 
find that, under typical experimental conditions, the 
method yields reasonably accurate size distributions 
for samples of particles greater than 10 nm radius. 
However, caution should be exercised in interpreting 
the results for smaller particles, for which the distor- 
tion due to diffusion can be considerable. 



98 G.3. W&and V.A. BloomfXd/Po~ymer size distribrrtion 

2. Methods 

Computer simulation is carried out for the three 
physical processes involved in this method: (a) iso- 
kinetic band transport for a time t in a stabilizing 
gradient to achieve spatial dispersion along the trans- 
port axis x; (b) total intensity light scattering 1(x, t) 
to get the product of the local total concentration 
<x) and weight-averaged molecular weight M,,,(x); 
and (c) quasielastic light scattering to get the Stokes 
radius R(x). The size distribution is then obtained by 
dividing R(xp into 1(x, f) to get a quantity propor- 
tional to c(R) and plotting against R. 

2.1. Isokineric band transport 

A thin band of sample is caused to move and spread 
in a centrifugal or electric field until suitable separa- 
tion of the band components is achieved. The time re- 
quired for the spreading, ?, is calculated from: 

t=4W(R,)- VR&Jl> (1) 

tihere d is the separation between the largest (R,& 
and the smallest (Rnn,.,) particles, and V(R) is the 
velocity of the particles of size R. 

All particles are assumed to behave independently, 
so that Fick’s law of diffusion applies. In an ideal case 
where the initial band is infinitely thin (a delta func- 
tion in x), the spatiai distribution of particles with size 
R at time t would be: 

C(x. R. r) = cf(R)/[4nD(R)t] u23 

X exp {-[x - xf(R. t)] 2/4D(R)t}. (2) 

wheref(R) is the size distribution of the sample, 
x*(R. t) is the position of the center of the gaussian 
band formed by particles of size R, and D(R) is the 
diffusion coefficient of particles of size R. 

In practical cases, &he initial band is of finite width 
L, and may be treated as a group of adjacent delta- 
functions. Then the distribution at time t is obtained 
by integrating eq. (2) over the initial band: 

C(x, R. t) = f;;cf(R), [4=D(R)t] l/2) 

X exp I--[x - x*(R. t) - $3’ /4D(R)t) de_ (3) 

Without losing generality we fu the origin of x at 

the center of the initial band, and the parameter 
x*(R, t) is simply 

x*(R, t) = V(R)L (4) 

In the case where centrifugal field is used to achieve 
spatial separation, 

V(R) = $ @p - P,X&~)R~> (5) 

where pP and ps are, respectively, the densities of the 
particles and the solution, g is the average centrifugal 
field, and 17 is the viscosity of the solution. Two as- 
sumptions are involved in using eq. (5). First, the shape 
of particles is spherical; and second, the stabilizing 
gradient is isokinetic, so that the changes in viscosity, 
density, and accelerating field across the centrifuge 
tube compensate each other. 

If an electric field is used in place of the centrifugal 
field, 

V(R) = Cz<R)eW65n7R3@(KW, (6) 

where Z(R) is the particle charge, e is the proton 
charge, E is the applied electric field, and @@CR) is a 
correction factor depending on ionic strength through 
the Debye-Hiickel inverse length K 

In this study, simulation is dare only for the case 
of centrifugal fields. However the effect of diffusion 
on the observed size distribution should be similar for 
both cases. 

2.2. To?aZ in tens@ ligh r scarret% g 

The intensity of scattered ligh is proportional to 
the product of the weight concentration and the molec- 
ular weight: 

Rmax 
I(& r)= J M(R) c(x. R, W’o, R)dR, (7) 

Rrnin 

P(6’. R) = I- ( 1 6ii2F?R2/5h’) sin26/2 

for uniform spheres, (8) 

where P(@, R) is the form factor (which corrects for 
the internal interference when R is not much smaller 
than X), X the wavelength of laser light, ii the re- 
fractive index, and 0 the scattering angle. 

Because the observing window is not iniinitesimal, 
the observed intensity of scattering, I’(x, t), is actually 
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an average over the segment of sample being observed: 

x+ w/2 

f(x.t)= j- 1(x’. ?)dx’, (9) 
x - W/2 

where W is the width of the window. 

2 3. Quasielasric right scattering 

It has been shown that the autocorrelation function 
of the photocurrent may be analyzed by the cumulant 
expansion method f4] to get the Z-averaged diffusion 
coefficient: 

%X3X 
Dz(x) = s D(R)M(R) C(x. R, t)P(e, R) dR 

Rlllin qx, t) 09 

Again, when -Jle size of the observation window is 
taken into account, 

x+ w/2 
D’(x) = s Dz(x’)dx’/W. (11) 

x-w/2 

2.4. Size distribution 

Applying the Stokes-Einstein equation, the average 
hydrodynamic radius of the particles at x will be 

R’(x) = kT/6m#(x), 02) 

where k is the Boltzmann constant and T the temper- 
ature. The distribution function determined by this 
method is then: 

f(R) = f(x, o/m’wl 3P@, R’xt. (13) 

For the purpose of comparison, the distribution 
function based on the true size, R(x), is also computed: 

f “(RI = I’@. ?I/ c[R(x)l 3P@. R)3. (14) 

R(x) is determined from eq. (4) relating x and i to 
V(R). All distnlution functions are normalized to 
unity before comparison. 

2-5. Values of pai-ameters 

‘Ihe S&uiz-zimm [5,6] molecular weight distribu- 
tion function, F(M), was used to generate input size 
distribution functions, f(r): 

(15) 

(16) 

where y = (M, -MM,),z=yM7;andr(=+l)isthe 
gamma function. The parametersy and z are varied 
to produce distributions of different size ranges and 
widths. 

The values of other parameters were carefully select- 
ed to Imitate practical experimental conditions and 
were held unchanged throughout this study. They are: 

L= initial band width = 0.1 cm, 
w= window of observation = 0.01 cm, 
Pp= density of the sample particles = 1.3 g/ml, 
Ps = density of the solution = 1 .O g/ml, 
7)= viscosity of the solution = 1 .O centipoise, 
g= average centrifugal field = 1.75 X lo7 cm/s2, 
T= temperature = 293.15 K, 
d= maximum separation = 2 cm, 
A= wavelength of laser light = 5 145 A, 
8= scattering angle = 60 degrees, 
z= refractive index = 1.3 3. 

2.6. Computer simulation 

Tire x coordinate is quantized in segments of 0.004 
cm. The error function resulting from eq. (3) was 
evaluated by table searching and linear interpolation 
to save computing time. The cutoff of the table is set 
at 2.5 (in units of standard deviation), which cor- 
responds to a maximum error of 0.6% in the final 
value of the error function. This cutoff point sets the 
range of summation (eqb. (7) and (10)) in the com- 
puter program: 

I x-xx;ciL/2 <2_5_ 

E~m~l Ii2 I 
(17) 

3. Results 

Fig. la shows a typical simulation of the apparent 
size distribution, f ‘(R), as obtained by light scattering 
and band sedimentation. The input distribution, f(R), 
is also plotted (in dashed line) for comparison. At 
the top is a plot of the 3X magnified differepce be- 
tween the two. It is seen that the size distribution 
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Fig_ 1. Size distribution obtained by simulated sedimentation and quasi-elastic light scattering (&lid line), model input distribu- 
tion (dashed line), and magnified (3X) difference (at top). Input parameters are z = I,y = 1 X 10’. The ordinate is the weight 
concentration in arbitrary units. (a) Particle sizes determined by QLS. (b) Particle sizes based on the distance travelled dwing 
centrifugation. 

from the light scattering experiment yields too small 
a concentration for smaller particles, and slightly 
too large a concentration for the median sized, and 
reproduces almost exactly that of the larger particles. 
These deviations come from both the total intensity 
scattering and the QLS measurements. To apportion 
the relative contribution between the two, a plot of 
the distribution function based on the “true” size, 
R (calculated from the distance sedimented, i.e. as- 
suming no diffusion has occurred) is shown in fig. lb. 
‘The difference curve (at top) shows an opposite trend 
and has a similar magnitude to that of fig_ la. This in- 
dicates that the deviation due to the size measurement 
is larger than that due to the total intensi@; measure- 
ment, a fact which is not entirely surprising because 
the mixing due to the diffusion process is expected 
to increase the average size measured by QLS for the 
smaller particles and this effect is cubed in calculating 
f’(R) from eq. (13) 

It is interesting to observe that the size of smaller 
particles as determined directly from the sedimenta- 
tion distance is too small, causing the observed dis- 

tribution to show positive deviation (the left end of 
fig_ lb). 

Fig. 2 shows the results of a series of computations 
with the Schulz-Zimm parameters y and z varied to 
cover the range of sizes from 2 run to 100 nm. It can 
be seen that the degree of distortion increases with 
decreasing particle size and increasing sample breadth. 
The standard deviation of the observed distribution 
from the input distribution for each set of runs is 
listed in table 1 as a measure of the resemblance be- 
tween the two. A general conclusion can be derived 
from fig. 2 and table 1: the distribution function by 
sedimentation and light scattering is a good approx- 
imation (within a standard deviation of 2%) to the 
true distribution provided that the size (radius) of 
the particles in the sample is larger than 10 nm and 
that the distribution is not too broad. 

However for samples with size smaller than 10 rim, 
the distortion can be substantial as evidenced by fig. 3. 
The peak position is shifted toward the high molec- 
ular weight side by 0.32 mn, approximately 14% of 
the half width, and the standard deviation is as high as 
19%. 
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Fig. 2 Observed we&&t concentrations versus partide &es (solid line) for various model inputs (dashed &IFS>. The Schul.z-Zimm 
parameters for the input distributions are listed in table 1. Mag&fications for the difference curves (at top) are 5.0 for (a)a), and 1.0 
far 00. The peak heights of alf distriiutions are normaliz& to the same arbitrary value. 

A form factor correction based on the size de- 
termined from QLS improves the result by shifting 
the ~st~u~~n towards larger size, as illustrated in 
fig. 4. The correction itselfcan be substantial (34% 
for a sphere of 80 nm radius under the conditions 
used in this study). But normalization of the area un- 
der the d&triiu*.cm to n&y tends to miniie the 
final eff&. Eq. (8) would not be a good approxima- 
tion when (4&R/k&in 812 is large compared to unity. 

Therefore, one has to include higher order terms in 
eq. (8) for samples of large particles. 

4. Discussion 

Ih;e physical phenomena modelled in this simula- 
tion are all well understood. Therefore it is reasonable 
to assume that the simulation leads to results beaiing 
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Table 1 
Standard deviation between the measured and model input distributions 

run no. Y a) 
(X 10’1 

size (run) ? b) (nlin~ % standard deviation ‘=) 

140 1 50 o-9- 7.4 
141 1 10 l-5-126 
142 1 5 l-8--15.9 
143 1 1 3.1-27.2 
144 1 0.5 4.0-34.3 
145 1 0.1 6.8-58.7 
146 1 0.05 8.5-73.9 

150 10 50 5.3-10.7 
151 10 10 9.1-18.3 
152 10 5 11.5-23.1 
153 10 1 19.6-39.4 
154 10 0.5 24.7-49.7 
155 10 0.1 422-84.9 
156 10 0.05 53.1--107.0 

a) Schulz-Zimm parameters see eq. (IS). 
b, Time required for the initial band to spread out to d cm. 
Cl Standard deviations as a percentage of maximum peak height. 

530 19.0 
182 10.0 

114 7.3 
39 3.4 
25 2.6 

8 1.8 
5 1.7 

331 3.8 
113 1.0 
71 0.67 
24 0.38 
15 0.35 
5 0.33 
3 0.32 

a close resemblance to what would happen in real ex- 
periments. 

The Schulz-Zimm distribution function was arbi- 
trarily chosen as a model input size distribution 

The key problem in interpretig results originates 
from diffusion process. Consequently the choice of 
model input distribution should not alter the general 
conclusions. 
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Fig. 3. Distortion due to diffusion can be considerable when 
the particle size is small. The apparent distribution is plotted 
as a solid line, and the true distiution as a dashed !ine. For 
parameters, see run no. 140% table 1. 

Other parameters have small effects on the results. 
T&inner initial band L, wider separation d, greater 
centrifugal field, lower temperature, and smaller 
window of observation Wall tend to improve the 

accuracy of the results. However, they are not expect- 
ed to introduce significant changes as long as they are 
kept close to ordinary experimental conditions. The 
initial band width of 1 mm can be easily obtained 
experimentally. The centrifugal field of 1.75 X 1 O7 
cm/s2, corresponding to 14 000 r-pm for a radial dis- 
tance of 8 cm, is typically within the range of an 
ordinary centrifuge. The observation window of 0.01 
cm roughly corresponds to the diameter of a focused 

laser beam. (The window size is adjustable b*r the pin 
hole in front of the photomultiplier. The beam size 
is usually the upper limit of the window). A separate 
series of computations with z = 1 was done for the case 
where the observation window is 0.03 cm. No dif- 
ferences in results were apparent despite the three fold 
change in window size. 

In a very recent paper of Kunitake et al. [7], light 
scattering and centiugation were used to obtain the 
distniutions of molecular weight, size, density and 
frictional coefficient for very low density lipoproteins. 
The observed size distniution was compared with the 
results from electron microscopy in their fig_ 7. While 
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Fig, 4. Effect of form factor correction. (a) corrected (eq. (13) used as shown). @) uncorrected (eq. (13) used without the form 

factor correction P(ee. R). See NEI no. 156 of table 1 for the parameters used. 

the overall agreement is remarkable, the method of 
combining light scattering with centrifugation seems 
to underestimate the concentration of smaller 
particles (ZOO-500 A). Xhis is in agreement with 
our prediction that underestimation of small particles 

may result from neglect of diffusion. 
The conclusions drawn from this study should be 

applicable to other techniques, which differ only in 
the means of achieving spatial dispersion of the initial 
sample band. Among these are QLS-electrophoresis 

and QLS-gel filtration. 
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